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Abstract 
 
A lifetime test is usually stopped when a pre-
determined number of specimens failed and 
testing method is to test n specimens simulta-
neously. However, this test plan is inappro-
priate when the duration of experiment is im-
portant. When the failure-time of test items is 
exponential distributed, Balasooriya provides a 
failure-censored reliability sampling plan that 
can save time and money efficiently. In this 
paper, we extend the failure-censored reliabil-
ity sampling plan suggested by Balasooriya to 
Weibull distribution. We also propose a more 
efficient life test procedure to replace Balaso-
oriya’s procedure when r (the total censoring 
number) test lines (each contains n specimens) 
can be run simultaneously. Moreover, when 
we only have a test line and the replicate times 
of specimen batches in Balasooriya are limited 
to k r( )< . We propose a limited 
failure-censored life test that has an advantage 
on saving time and money. We also discuss 
some feasible estimation procedures of 
unknown parameters for the Weibull distribu-
tion. 
 
Key Words: Life test sampling plans; Monte 
Carlo simulation; Order statistic; Weibull dis-
tribution, BLUE. 
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2. Introduction  
 
An important quality characteristic is the life-
time of a product in reliability analysis. Life-
time data often come with a feature that creates 
special problems in the analysis of the data. 
This feature is known as censoring. Generally 
speaking, censoring usually applies when exact 
lifetimes are known for only a portion of the 
products and the remainder of the lifetimes is 
known only to exceed certain value under a life 
test. In fact, there are several types of censor-
ing processes. In life testing, experiments in-
volving Type II censoring (failure-censored) are 
often used. It is designed so that a total of n 
units is placed on test, but instead of continu-
ing until all n units have failed. The test is 
stopped at the time of the rth unit failure. Such 
test can save time and money, because it may 
take a long time for all units to fail in some life 
testing (Lawless [2], Schneider [5]).  
 
Sometimes the lifetime of a product is quite 
high. Thus, a Type II censoring life test plan 
for such a product may be still time consuming. 
Johnson [3] proposed a sampling plan. This 
plan is the experimenter might decide to group 
the test units into several sets, each as an as-
sembly of test units and then run all the test 
units simultaneously until the first failure in 
each group. In such a sampling plan, one usu-
ally needs that test facilities are scare but test 
material is relatively cheap. Balasooriya [1] 
examined the failure-censored sampling plan for 
the two-parameter exponential distribution 
based on testing r random samples, each of size 
n, one after the other. The suggested procedure 
is based on exact results and only the first fail-
ure time of each sample is needed. Hence, the 
sample size of proposal sampling plan is rn. 
 
In some situations, the test facilities can only 
be used k (k<r) times. That is, the number of 
failures that we observed is less than the re-
quired number of observations. Hence, we 
cannot only take the first failure time in each 
sample, especially when k is small. 
 
In this paper, we first extend the results of 
Balasooriay [1] to the Weibull distribution and 
we suggest a new and more efficient procedure 
than Balasooriya[1] when r test lines can be 
run simultaneously. Moreover, when the test 
facilities can be repeated by using only k times, 
we propose a procedure called limited fail-
ure-censored life test to get r failures and over-
come this problem. 
 
In Section 3, we will extend the limited fail-
ure-censored life test to Weibull distribution. 
We also prove that this method is the best for 
saving time when the value of the shape pa-
rameter in Weibull distribution is equal to 1. If 
the value of shape parameter in Weibull distri-
bution is not equal to 1, the formula of ex-
pected duration of experiment is very compli-
cated. When the value of shape parameter in 
Weibull distribution is no more than 1, our 
method still works. We will use the Monte 
Carlo simulation to evaluate these cases in the 
last section. As the value of shape parameter in 
Weibull distribution is larger than 1, our 
method will depend on the censoring rate. We 
can not get the unique optimal solution and we 
will not discuss it in this paper. Moreover, we 
also discuss how to get three feasible parame-
ters' estimations and confidence intervals' esti-
mation procedures when a limited fail-
ure-censored reliability sampling plan be per-
formed. If the distribution of lifetimes is expo-
nential distribution, then our estimator for scale 
parameter is still the BLUE. If the distribution 
of lifetimes is Weibull distribution, then we can 
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use the pooled transformed linear estimators to 
estimate the unknown parameters. Further, two 
alternative minimal mean square error estima-
tors are also proposed. Finally, the corre-
sponding confidence intervals' estimations will 
be derived for associate parameters. The related 
results are displayed in Wu et al. [6]. 
 
Notations: 
 
X
n
i
1:
( ) , is the first order statistics in ith sample, 
each of size n, i=1,2,...,r. 
[x], the largest integer less than x. 
BLUE, is the best linear unbiased estimator. 
 
 
 
 
 
3. Design of Limited Failure-censored 
Reliability Sampling Plan 
 
3.1. The Failure-censored Sampling 
Plan 
 
Let X be the lifetime of a product, and it is 
Weibull distributed with probability density 
function 
f x
x x
( ; , ) ( ) exp{ ( ) },β α β
α α α
β β
= −
−1   x>0,    (1) 
where β  is the shape parameter and α is 
the scale parameter. This distribution was 
first suggested by Weibull [7] and its appli-
cability to various failure situations are dis-
cussed again by Weibull [8]). 
Assume that X
n
i
1:
( ) , i=1,2,...,r are the first 
order statistics of r samples, each of size n 
from (1) in ith test line, then X
n
i
1:
( ) , i=1,2,...,r, 
can be considered as a random sample of size r 
with probability density function.  
⋅=
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n
x
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Hence, the distribution of X n
i
1:
( )  is Weibull 
with scale parameter α βn−1/ , i=1,2,...,r. In 
some situations, if the lifetime of a product is 
quite length and test facilities are scarce but 
testing materials are relatively cheap, then one 
can test rn experimental units by testing r (the 
predetermined total censoring number) sets, 
each containing n experimental units, one after 
the other. Assume the test stops when the 
first failure in each replicate is achieved (i.e., 
the total failure items are r), and the probabil-
ity distribution of lifetime of specimens is as-
sumed to be (1). Let T1  be the total testing 
time we need, i.e., T X i
i
r
1 1
1
=
=
∑ :n
( ) , then the ex-
pected duration of the test is denoted by 
E T r n( ) ( ).
/
1
1
1
1
= +−α β
βΓ            (3) 
Alternatively, when the test facilities are 
available to run r test lines (each contains n 
specimens) simultaneously. According to the 
test procedure of Balasooriya [1], the duration 
of the experiment, say T2  is equal to the rth 
order statistic of X n
i
1:
( ) , i=1,2,...r(i.e., the larg-
est order statistic of X n1
1
:
( ) , X n1
2
:
( ) ,…, X n
r
1:
( ) , 
where X n
j
1:
( )  is the first order statistic in the 
jth test line). We can use the expected value of 
the rth order statistic in (1) (see e.g., Johnson 
et al ([4], p.638)) to get 
⋅+Γ
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Then, we can show that the expectation of 

 
as follows: 
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In this situation, These rn specimens are 
tested in r test lines independently and simul-
taneously. The duration of the experiment us-
ing the rth order statistic in all rn specimens 
will be shorter than to take the first order sta-
tistics in each test line separately, then again to 
take the largest order statistic among them. 
Hence, we suggest to take the rth order statis-
tic on all rn test specimens, and revise E(T
2
) 
as following equation (6). It will be the best in 
this experimental situation. 
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3.2. The Limited Failure-censored Re-
liability Sampling Plan  
 
When the test facilities are scarce and the 
replicate times of specimen batches are limited 
to k (<r), it is inappropriate to use previous 
sampling plan in a life test. In this situation, it 
is impossible to only observe the first failure of 
specimens in each testing line. If we just ob-
serve the first failure of specimens in each 
testing line, then there are k failures. The total 
number of failures will be less than the prede-
termined censoring number r. Thus, the test can 
not be stopped. Therefore, we must accumulate 
more failure specimens in some testing lines. 
We call this design is the limited fail-
ure-censored reliability sampling plan. Accord-
ing to this design, we have two situations that 
r
k
 is an integer and 
r
k
 is not an integer, re-
spectively. We will use a theorem and a corol-
lary to discuss these two situations, respec-
tively. When the value of shape parameter β  
is equal to 1, the Weibull distribution will de-
generate to exponential distribution. The ex-
pectation of the rth order statistics in n obser-
vations can be represented in a simple form as 
follows 
E X
n i
r n
i
r
( )
:
=
− +
=
∑α
1
11
.        (7) 
Let T3  be the stopping time of the experiment 
and the total censors in ith test line(each con-
tain n specimens to test) is r
i
, i=1,2,…k. That 
is, T X
r n
i
i
k
i
3
1
=
=
∑ :
( ) . We can use (7) to get the 
expected value of T3 , 
E T
n n n r
i
k
i
( ) [ ... ].
3
1
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We want to find the value r i k
i
, , , .. ., = 1 2 , 
such that E(T3) is minimal or, equivalently, to 
minimize [ ... ]
1 1
1
1
11 n n n ri
k
i=
∑ +
−
+ +
− +
. Let 
gr r r
k
( , ,..., )
1 2
= [ ... ]
1 1
1
1
11 n n n ri
k
i=
∑ +
−
+ +
− +
. When 
r
k
 is 
an integer, we can prove the minimal value of 
g r r r
k
( , ,. .. , )
1 2
 is equal to g
r
k
r
k
r
k
( , , ... , ). 
Therefore, ),...,,(
21 k
rrrg  ≥ g
r
k
r
k
r
k
( , ,..., ) and 
“=” hold if r
r
ki
= ,  i=1,2,...,k; we thus get the 
following theorem. 
 
[Theorem 1] 
If a batch of n items is tested consecutively, 
and the replicate times are limited to be k (<r). 
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Suppose r
i
( )≥1  is the stopping number in 
ith replication, i=1,2,...,k and 
r
k
 is an integer. 
Then the minimal expected complete time of 
the experiment can be achieved when r
r
ki
= , 
i=1,2,...,k. 
Next, if 
r
k
 is not an integer, then in the 
first, we assign the [ ]
r
k
 (the largest integer 
less than 
r
k
) censoring number to each testing 
line. According Theorem 1, We can show is the 
optimal design for the integer part in division. 
Secondary, we try to assign the c
r
(as the re-
mainder of 
r
k
 and c
r
<k) censoring number 
to all k testing lines such that the censoring 
number differences among each testing line are 
as small as possible. Therefore, we assign one 
specimen to each c
r
 testing line again, and the 
other k- c
r
 testing lines are still to test until 
[ ]
r
k
 specimens are censored. We can use 
Theorem 1 to get the following Corollary 
 
 
[Corollary] 
In the Theorem 1, if the remainder of 
r
k
 is 
equal to c
r
, then the optimal selection for 
total censoring number in each line is to stop 
in c
r
 testing lines when [ ]
r
k
+1  specimens 
failed , and to stop in the other k- c
r
 testing 
lines when [ ]
r
k
 specimens failed, where 
[ ]
r
k
 is defined as above. 
In addition, if the value of shape parameter 
β  in Weibull distribution is not equal to 1, 
then the expected testing time is very compli-
cated. We will use Monte Carlo simulation to 
discuss this situation. According to our simu-
lation results, we find the optimal stopping 
rules in limited failure-censored reliability 
sampling plan depend on the value of the 
shape parameter in Weibull distribution and 
the censoring rate. Generally speaking, the 
rules of our theorem and corollary in this Sec-
tion are still valid when the value of shape pa-
rameter β  in Weibull distribution is no more 
than 1. When β  is large than 1, the optimal 
stopping rules in limited failure-censored reli-
ability sampling plan do not have a unique so-
lution. The rules will change depend on the 
value of shape parameter β  and the censoring 
rate. Therefore, we will only present the result 
of Monte Carlo simulations when the value of 
shape parameter in Weibull distribution is not 
more than 1. (see Wu et al. [6]) The simulation 
results support our viewpoint. 
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